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Abstract The control of a mobile robot using a linear model with uncertainty for design purposes is investigated.
The uncertainty arises from the variation of the operation point of the mobile robot. Robust Control Theory is used
for the controller design, which allows dealing with systems whose parameters may vary between certain bounds.
The proposed controller has shown, in experimentation tests, an acceptable performance and an easy and simple
practical implementation. Also, an application of the proposed controller to a leader-following problem is shown;
in it, the relative position between robots is obtained through a laser.

Keywords Modeling uncertainty · Nonlinear systems · Robotics · Trajectory tracking

1 Introduction

The control of mobile robots has stirred the attention of many researchers around the world. However, the control
of these systems is not simple. The main problem is focused on the control of three variables: Cartesian coordinates
(x ,y) and the orientation angle θ with only two control inputs, the linear velocity (V ) and the angular velocity (W )
of the mobile robot as shown in Fig. 1; see [1]. Different representations of such controllers have been published in
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Fig. 1 Geometrical description of the mobile robot
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Fig. 2 Schematic representation of (18)

the literature, e.g. those based on predictive control [2], on robust adaptive control [3, 4], or on sliding-mode control
[5], among others, which are not always easy to implement in real time.

The mobile robot considered in this work consists of a wheeled vehicle with autonomous movement, equipped
with traction electrical motors that are controlled by an on-board computer. It is assumed that the mobile robot is
composed of a rigid body with wheels that do not get deformed and moves on a horizontal plane. One of the main
problems in the field of mobile robots is to make a vehicle follow a pre-established trajectory. In order to achieve
that objective, control algorithms are designed so as to generate the appropriate commands applied to the traction
motors controlling the mobile-robot movement. The environments where a mobile robot can move are classified
into structured and partially structured. In the first case, the position of all the obstacles is known beforehand, so
it is possible to generate a collision-free trajectory. In partially structured environments, only the position of some
obstacles is known, so the mobile robot must have external sensors (ultrasound, laser, and camera) in order to
determine the positions of such obstacles.

The use of path tracking in a navigation system is justified in structured workspaces as well as in partially
structured workspaces, where unexpected obstacles can be found during navigation. In the first case, the reference
trajectory can be set from a global trajectory planner. In the second case, the algorithms used to avoid obstacles
usually re-plan the trajectory in order to avoid a collision, generating a new reference trajectory from this point on.
Besides, there exist algorithms that express the reference trajectory of the mobile robot as a function of a descriptor
called r [6] or s (called “virtual time”) [7] whose derivative is a function of the tracking error and the time t . For
example, if the tracking error is large, the reference trajectory should wait for the mobile robot; otherwise, if the
tracking error is small, the reference trajectory must tend to the original trajectory calculated by the global planner.
In this way, the module of trajectory tracking will use the original path or the in-line recalculated path as reference
to obtain the smallest error when the mobile robot follows the path [8]. Therefore, path tracking is always important
independently of whether the reference trajectory has been generated by a global trajectory planner or a local one.

Various control strategies have been proposed for tracking trajectories, some of which are based on either kine-
matic or dynamic models of the mobile robot [9], depending on the operative speed and the precision of the dynamic
model, respectively [10]. Different structures to control these systems have been developed as well. Tsuji et al. [11]
used a time-varying feedback gain whose evolution can be modified through parameters that determine the conver-
gence time and the behavior of the system. Fierro and Lewis [12] use the controller proposed by Kanayama et al.
[13] to feed the inputs to a velocity controller, making the position error asymptotically stable. So, a controller to
make the mobile-robot velocity follow the reference velocity is designed. The work of Fukao et al. [14] extends the
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Robust-control-based controller design for a mobile robot 19

design proposed by Fierro and Lewis [12] and assumes that the model parameters are unknown. In [15] an adaptive
controller that takes into account the parametric uncertainties and the robot’s external perturbations is proposed to
guarantee perfect velocity tracking. The reference for the velocity is obtained by using the controller proposed in
[13]. In [16] two controllers are designed, which are called position controller and heading controller. The former
ensures position tracking and the latter is activated when the tracking error is small enough and the tracking refer-
ence does not change its position. This reduces the error over the mobile-robot orientation at the end of the path.
In [17] the posture controller is designed as a function of the posture error and, in this way, the reference velocities
are generated on the basis of a specification set as: (i) if the distance to a reference position is relatively large, then
the robot movement is quick, and the speed is reduced as the robot approaches the target; (ii) the robot should take
the shortest amount of time to reach the desired position. Later, the reference velocities input a PID controller that
generates the torque required by the desired speed. In [18] a controller for trajectory tracking is designed using the
kinematic model of the mobile robot and a transformation matrix. Such a matrix is singular if the linear velocity
of the mobile robot is zero. Therefore, the effectiveness of that controller is ensured only if the velocity is different
from zero. Simulation results using a linear velocity different from zero as initial condition are shown in that paper.
Sun [19] proposed a controller based on the error model of [13]. This controller is formed by two equations, which
are switched depending on the value of the angular velocity of the mobile robot and its prescribed tolerance.

In contrast to previous papers where, in general, precise models are needed and commonly goodness of perfor-
mance is achieved under special conditions, here a simple and universal approach is proposed for path following.
To achieve this goal, it is assumed that mobile robots are represented by a family of linear models and, from robust
control theory, a linear controller is designed. This controller is simple to implement and makes robot performance
satisfactory around the operation point. Under this assumption, and knowing the desired state, a simple rotation and
translation of coordinated axes is made to force the robot to follow a predefined path. The main contribution of this
work is that the proposed methodology is based upon easily understandable concepts, and that there is no need for
complex calculations to attain the control signal.

In this paper, the control scheme presented in [12, 14, 15, 17, 20] will be employed. Accordingly, a kinematic
controller is designed first, which generates the reference velocity in order to reach the desired goal. Additionally,
this reference is employed to input a velocity controller in the scheme. In our work, a PID controller is used as a
velocity controller. The implemented controller will be placed on board an existing mobile robot in order to maintain
its translational and rotational speeds at desired values; cf. [17, 20].

Besides, in our work it is not necessary to switch the controller as in [16] in cases when the position reference does
not change and the tracking error is small. Our purpose is that, when this situation is detected, the desired orientation
be changed, and then calculate the control signal by using the same expression. The controller developed by Sun
and Cui, [18] has the disadvantage of having a linear velocity different from zero to be necessary for operating well.
Furthermore, our controller does not need to change the control expression when the angular velocity is lower than
a pre-established value in contrast to [19].

We propose to use a linearized model of a mobile robot, considering the variation on the linear model para-
meters, since the operating point is taken as an uncertainty. Thus, the objective is to attain a simpler linear model
(a set of linear models) that will thoroughly describe the system’s performance. Here the Theory of Robust Control is
used to design the controller, in order to achieve a stable and robust performance for a set of linear models. The main
result is an easily implemented controller that only requires the multiplication of matrices of numerical elements.

The paper is organized as follows. The mobile-robot model as a family of models around the chosen working
point (linearization point) is given in Sect. 2. The design objectives are discussed in Sect. 3. Section 4 shows how to
obtain the generalized system equations to apply the H∞ control theory. In Sect. 5, the proposed controller design
is presented. The experiments on a laboratory mobile robot PIONEER 2DX are addressed in Sect. 6, including the
leader-following problem where the relative position of both robots is obtained through a laser sensor. Finally in
Sect. 7 the conclusions are given and an appendix with the baisc nomenclature used in this paper is presented.
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2 System model

2.1 Model of the mobile robot

A nonlinear kinematic model for a mobile robot will be used, [21], as shown in Fig. 1, which is represented by,

ẋ = V cos θ, ẏ = V sin θ, θ̇ = W. (1)

We can write (1) as follows

ẋ = f (x, u), y = Cx,

x = [
x y θ

]T
, u = [

V W
]T

, C =
⎡

⎣
1 0 0
0 1 0
0 0 1

⎤

⎦ ,

where V is the linear velocity of the mobile robot, W is the angular velocity of the mobile robot, (x, y) denotes
the Cartesian position, θ is the orientation of the mobile robot,

(
ẋ, ẏ, θ̇

)
denotes the derivatives of (x, y, θ) with

respect to time. Then, the aim is to find the values of V and W so that the mobile robot may follow a pre-determined
trajectory. We assume that the mobile robot is moving on a horizontal plane without slip.

By developing (1) through Taylor series and considering small deviations in x and u with respect to a given point
xo and uo, [22, pp. 561–562], the higher-order terms can be neglected, and we obtain

∂ ẋ = ∂ f

∂x

∣∣∣
∣
xo,uo

dx + ∂ f

∂u

∣∣∣
∣
xo,uo

du, (2)

∂ f

∂x
dx + ∂ f

∂u
du =

⎡

⎣
0 0 −V sin θ

0 0 V cos θ

0 0 0

⎤

⎦

︸ ︷︷ ︸
A

⎡

⎣
dx
dy
dθ

⎤

⎦ +
⎡

⎣
cos θ 0
sin θ 0
0 1

⎤

⎦

︸ ︷︷ ︸
B

[
dV
dW

]
, (3)

where |xo,uo
means that the derivatives are evaluated in xo and uo.

By rearranging the controllability1 (contr) matrix of the system, we have

contr = [
A AB A2 B

]
. (4)

By substituting (3) in (4), we obtain

contr =
⎡

⎣
cos θ 0
sin θ 0
0 1

∣∣∣∣∣
∣

0 −V sin θ

0 V cos θ

0 0

∣∣∣∣∣
∣

0 0
0 0
0 0

∣∣∣∣∣
∣

⎤

⎦ . (5)

It can be clearly noticed that the range of (5) is:

rank(contr) = 3 if V �= 0. (6)

Since C in (1) is the identity matrix, the system output is represented by the states, and the system becomes
observable. From (6), it can be concluded that, since V �= 0, the system represented by (3) is completely controll-
able. From (3) it can be noted that both A and B are dependent on V and θ . Then, by choosing two values of V and
θ , for example:

V = 0.5 m/s, θ = 45◦ (7)

and by substituting (7) in (3), we have

1 The dynamical system described by the equation ẋ = Ax + Bu, y = Cx + Du, x(0) = x0, is said to be controllable if, for any
initial state x(0) = x0, t1 > 0 and final state x1, there exists a input u(·) such that x satisfies x(t1) = x1. See Theorem 3.1 [23, p. 47]
for controllability test.
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Robust-control-based controller design for a mobile robot 21

A =
⎡

⎣
0 0 −0.3536
0 0 0.3536
0 0 0

⎤

⎦ , B =
⎡

⎣
0.7071 0
0.7071 0
0 1

⎤

⎦ , C =
⎡

⎣
1 0 0
0 1 0
0 0 1

⎤

⎦ , D =
⎡

⎣
0 0
0 0
0 0

⎤

⎦ . (8)

Then, the mobile-robot performance is determined by,

ẋ = Ax + Bu, y = Cx + Du (9)

and, when the robot moves in a small neighborhood of the selected values in (7), the linearized model of the mobile
robot is obtained, as stated in Eq. 9.

2.2 Model variation

If, while moving, the mobile robot departs from the velocity and orientation values given by (7), the matrices that
describe it, (3), will change as well. This change can be interpreted as a variation in the nominal model parameters
in (9). This means, that the robot would be better and more precisely described if, instead of considering a single
linear model, a family of linear models were stated. Zhou [23, pp. 261–264] shows that this family of models can
be represented as follows:

G(s) =
⎡

⎣
A + ∑k

i=1 λi Ai

∣∣∣B + ∑k
i=1 λi Bi

C + ∑k
i=1 λi Ci

∣∣∣D + ∑k
i=1 λi Di

⎤

⎦ , (10)

where A, B, C , D represent the nominal model, and parameter uncertainty is shown by scalars λi ∈ (−1, 1). This
kind of uncertainty can be represented by a Linear Fractional Transformation (LTF),[23, p. 264]. Then G(s) can
be expressed as,

G(s) = Fu

(
M,

1

s

)
, (11)

where M is determined by (12):

M =
[

A + ∑
i λi Ai B + ∑

i λi Bi

C + ∑
i λi Ci D + ∑

i λi Di

]

. (12)

By defining the matrix, Pi as:

Pi =
[

Ai Bi

Ci Di

]
, (13)

where each Pi can be stated as:

Pi =
[

Li

Wi

] [
Ri

Zi

]T

, (14)

where Li ∈ R
n×qi, Wi ∈ R

ny×qi, Ri ∈ R
n×qi, Zi ∈ R

nu×qi, and qi is the rank of Pi , n is the order of A, ny is the
output number; and nu is the input number. Then, we obtain,

λi Pi =
[

Li

Wi

]
[λi I qi ]

[
Ri

Zi

]T

; (15)

from this, M can be described as,

M =
[

A B
C D

]

︸ ︷︷ ︸
M11

+
[

L1 · · · Lk

W1 · · · Wk

]

︸ ︷︷ ︸
M12

⎡

⎢
⎣

λ1 I1
. . .

λk Ik

⎤

⎥
⎦

︸ ︷︷ ︸
�P

⎡

⎢
⎣

R∗
1 Z∗

1
...

...

R∗
k Z∗

k

⎤

⎥
⎦

︸ ︷︷ ︸
M21

, (16)
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M = Fl

([
M11 M12

M21 0

]
,�P

)
. (17)

By substituting (17) in (11), we obtain,

G(s) = Fu

(
Fl

([
M11 M12

M21 0

]
,�P

)
,

1

s

)
. (18)

Equation (18) can be graphically interpreted as in Fig. 2.
From Fig. 2 and (16), (17) and (18), it can be inferred that [23, pp. 261–264],

B2 = [
L1 . . . Lk

]
, D12 = [

W1 . . . Wk
]
,

C2 = [
R1 . . . Rk

]∗
, D21 = [

Z1 . . . Zk
]∗

, D22 = 0.
(19)

After further elaboration of (18), we obtain,

G(s) = G11(s) + G12(s)�P(I − G22(s)�P)−1G21(s)︸ ︷︷ ︸
�G(s)

, (20)

where the state matrices of Gi j (s) are given by:

G11(s) = {A, B, C, D} , G12(s) = {A, B2, C, D12} ,

G21(s) = {A, B, C2, D21} , G22(s) = {A, B2, C2, D22} . (21)

Equation 19 reveals that the family G(s) can be stated as a nominal or central model G11(s), plus a term �G(s)
that shows how much a family’s element has departed from the nominal model.

The present paper takes into account variations in a robot’s linear velocity at a rate of ±0.4 m/s; it considers a
single parameter, λi , as well. This is to say that G(s) from (10) is,

G(s) =
[

A + λA1 | B + λB1

C + λC1 | D + λD1

]

, (22)

where:

A1 =
⎡

⎣
0 0 −0.4 sin(45)

0 0 0.4 cos(45)

0 0 0

⎤

⎦ , B1 =
⎡

⎣
0.007 0
0.007 0
0 0.001

⎤

⎦ , C1 = 0.001 I3, D1 =
⎡

⎣
0 0
0 0
0 0

⎤

⎦ . (23)

It was observed that matrices B1 and C1 �= 0, in order to make the models of the state variables of the family
described in (20) both completely controllable and observable.

3 Design objectives and specifications

3.1 Design objectives

From (19) it can be noted that the behavior of the mobile robot is not described by a single linear model but through
a family of time-invariant linear models. By considering the diagram of Fig. 3, the objective pursued is to design
a controller K (s), to ensure not only the stability of the system and the good performance when using a mobile
robot’s nominal model, but also when using any of the models of the family G(s). That is, both robust stability and
performance should be guaranteed.

During the first stage of the controller design it is assumed that the system adequately responds to step-like signals,
both on coordinates x and y as a function of time, i.e., the response should not present significant overshoots.
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G(s)K(s)
-

R(s) E(s) U(s) y(s)

Fig. 3 Simplified control scheme Fig. 4 |Lm(w)| as a function of frequency

3.2 Robust stability

The difference between the nominal model and any model belonging to G(s) can be represented in many ways.
One of the simplest ways is written as follows [24, Chap. 11]:

G(s) = G11(s) + Aa(s), (24)

where Aa stands for an additive perturbation and G11 is the nominal model.
It can also be represented in an arrangement as a multiplicative uncertainty, as shown in (25),

G(s) = (I + Am)G11(s), (25)

where Am is a multiplicative perturbation. The uncertainties are related to each other through the expression:

Aa = Am × G11(s). (26)

Morari et al. [24, p. 236] state that the magnitude of the perturbation can be measured in terms of a bound on σ(Aa)

and σ(Am); that is to say,

σ(Aa) ≤ La(w), ∀w (27)

σ(Am) ≤ Lm(w), ∀w, (28)

where σ [·] is the maximum singular value, La(w) and Lm(w) are scalar bounds on σ (Aa) and σ (Am), respectively.
The conditions for robust stability when using additive and multiplicative uncertainty to represent the family G(s),
can be found in detail in [23, Chap. 9, 24, Chap. 11, 25, Chap. 2] with some brief quotations below. The kind of
uncertainties considered will be described as follows.

3.2.1 Multiplicative uncertainty

The system is stable for all perturbations Am (σ (Am) < Lm(w)) if and only if

σ
[
G11 K (I + G11 K )−1] Lm < 1, ∀w

∥∥Lm G11 K (I + G11 K )−1
∥∥∞ < 1.

(29)
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3.2.2 Additive uncertainty

The system is stable for all perturbations Aa(σ (Aa) < La(w)) if and only if

σ
[
K (I + G11 K )−1] La < 1, ∀w

∥∥La K (I + G11 K )−1
∥∥∞ < 1.

(30)

From (26), we have:

σ(Aa) ≤ σ(Am)σ (G11), σ (Am) ≥ σ(Aa)

σ (G11)
. (31)

Then, from (28) and (31) Lm is proposed to be defined as:

Lm(w) = σ(Aa)

σ (G11)
. (32)

Figure 4 shows the variation of Lm(w) as a function of frequency.

3.3 Robust performance

This section presents a brief reference to some well-known definitions of Control Theory, but applied to the sys-
tem of Fig. 2, in order to use them in the design of a robust controller for a mobile robot. Sensibility (S) and
Complementary Sensibility (T ) can be defined as,

S = (I + GK)−1, (33)

T = GK(I + GK)−1. (34)

It can also be shown that:

S + T = I. (35)

If one considers that the system is single input-single output, the sensibility S is given by

lim
�P→0

�T/T

�P/P
= S. (36)

This means that the sensibility function sets the limit when �P → 0 of the percent variation of the closed-loop
transfer function, when a percent variation arises in the plant to be controlled. S is also the transfer function between
the error signal and the reference signal of the system. It should obviously be expected that S remains small enough
within the operating frequency range.

This condition for a small S can be stated as a limitation on the infinite norm of HS, where H is a function that
focuses on the frequency range where S is desired to be small; that is:

‖HS‖∞ <1. (37)

In (29) it can be noted that the smaller the value of T , the greater the robust stability will be whereas, from (37),
it can be inferred that, for smaller S, both greater perturbation rejection and smaller sensibility are attained for the
closed-loop transfer function when facing plant changes. It should be noted that T and S cannot simultaneously be
small (35).

To obtain a solution from (29) and (37), the problem may be stated by seeking to find a controller that both
ensures the internal stability and satisfies:
∥
∥∥∥

HS
Lm T

∥
∥∥∥∞

<1, (38)

which guarantees both a good resistance to perturbation and a good stability for the family of models G(s). This
problem is called mixed sensibility minimization [26, p. 214, 27].
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P(s) 

K(s) 

 z v

y

u

Fig. 5 Standard configuration for plant-controller Fig. 6 Pioneer 2DX mobile robot and its environment

4 Reduction to a standard form

The key problem in H∞ Control Theory is to design a controller that ensures the internal stability of the system
shown in Fig. 5:

Here v contains all exogenous inputs, u is the controller output, y is the controller input and z is the objective
[25, Chap. 8]. In addition, it should satisfy:

‖Rzv‖∞ < γ, (39)

where Rzv is the transference function between z and v, with γ > 0.
If P(s) of Fig. 5 is split into four sub-matrices of adequate dimensions, then Rzv may be stated as:

Rzv = Fl(P, K ), Rzv = P11 + P12 K (I − P22 K )P21. (40)

Equation 39 should be expressed as in Fig. 4, considering γ = 1, that is,

HS = H(I + G11 K (I − G11 K )−1), (41)
[

HS
Lm T

]
=

[
H
0

]
+

[
HG11

Lm G11

]
K (I − G11 K )−1. (42)

From (40) and (42) it follows that:

P(s) =
⎡

⎢
⎣

[
H
0

] [
H G11

Lm G11

]

I G11

⎤

⎥
⎦ , P(s) =

⎡

⎣
Ap B1p B2p

C1p D11p D12p

C2p D21p D22p

⎤

⎦ . (43, 44)
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The resulting functions H(s) and Lm(s), used in the design of the controller to be applied to the mobile robot in
this paper, are shown by (45) and (46)

H =

⎡

⎢⎢⎢⎢
⎣

0.17

0.2s + 1
0 0

0
0.17

0.2s + 1
0

0 0
0.17

0.06667s + 1

⎤

⎥⎥⎥⎥
⎦

, Lm = 0.004018s + 0.8036

2s + 1
I3. (45, 46)

5 Design of the robust controller

This section presents the design of a controller proposed for the mobile robot Pioneer 2DX available at INAUT
[28, 29]. Figure 6 shows the Pioneer 2DX and the laboratory facilities where the experiments were carried out.

The plant is assumed to be described by the state equations:

ẋ = Ax + B1v + B2u, z = C1x + D12u, y = C2x + D21v. (47)

The dimensions of x, v, u, y and z are n, l, m, q and p, respectively. It is also compatible with:

DT
12 D12 = Im, D21 DT

21 = Iq . (48)

The transformations needed to go from (44) to (47) and to comply with (48) are developed in [25, Chap. 4]. The
following assumptions are made:

1. (A, B2) is stabilizable and that (A, C2) is detectable;
2. Matrices D12 and D21 satisfy (48);

3. rank

[
A − jw I B2

C1 D12

]
= n + m, ∀w real;

4. rank

[
A − jw I B1

C2 D21

]
= n + q, ∀w real.

The subsections below show the values for conditions 1, 2, 3 and 4 for the problem at hand.

Condition 1:

Controllable modes = {−15, 0,−5,−5,−0.5,−0.5, 0, 0};
Non-controllable modes = {−0.5};
Observable modes = {0, 0, 0};
Non-observable modes = {−5,−5,−15,−0.5,−0.5,−0.5}.
Condition 2: After the transformations, the matrices D12 and D21 become,

DT
12 =

[
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0

]
, D21 = I3. (49, 50)

Condition 3: See Fig.7a.

Condition 4: See Fig. 7b.

Figure 7b shows that condition 4 is not attained. This condition states that the closed-loop system Fl(P, K ) does
not have non-controllable modes on the imaginary axis. A proposal is to modify by considering a greater number
of external inputs w, to fulfill condition 4. That is:

vnew = [
v vextra

]T
, z = Rzvnew vnew = [

Rzv Rzvn
]

[
v

vextra

]
, (51)

‖Rzv‖∞ ≤ ‖Rzvnew‖∞ . (52)
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Fig. 7 a Condition 3; b Condition 4

If it is verified that it ‖Rzvnew‖∞ < 1, then ‖Rzv‖∞ < 1 will be achieved as well. Matrix B1pnew resulting from
this procedure is

B1pnew =

⎡

⎢⎢
⎢⎢⎢⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢
⎣

0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0
1.0 0.0 0.0
0.0 2.0 0.0
0.0 0.0 3.0
0.0 0.0 0.0
0.0 0.0 0.0
0.0 0.0 0.0
︸ ︷︷ ︸

B1p

0.0 0.0
0.0 0.7
0.7 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0
︸ ︷︷ ︸

B1pn

⎤

⎥⎥
⎥⎥⎥⎥⎥⎥
⎥⎥⎥⎥⎥
⎥⎥
⎦

. (53)

With this new matrix, condition 4 is thoroughly met by applying the theorem that allows finding the proposed
controller K (s) [25, Chap. 8]. The controller has a matrix A of order 9 × 9. Then, to decrease the order of K (s), a
balanced realization was found. The Hankel singular values for the controller are [23, pp. 72–78],
∑

= {4.7136, 3.0157, 0.4951, 0.1554, 0.0891, 0.0173, 0.0075, 0.0053, 0.0011} .

Only three states were considered. The resulting controller is now called Kr (s). Figure 8 shows the singular values
for K (s) and Kr (s). The results obtained in simulations using Kr (s) instead of K (s) were slightly different. The
controller finally implemented was obtained by making a conversion into a discrete controller of Kr (s) which will
be called Krd . In the next section, experimental results applying this controller to the Pioneer 2DX mobile robot
will be presented.

The reference path to be followed by the mobile robot will be denoted by the values of xref(t), yref(t) and
θ ref(t), and the real trajectory depicted by the PIONEER 2DX mobile robot will be called x(t), y(t) and θ(t). The
values for position x(t) in discrete time nT0, when T0 is the simple time and n ∈ {0, 1, 2, . . .}, will be denoted as
xn ; the same notation will be used to reference any function in each sample time.

The controller presents a good performance when the mobile robot orientation is 45◦ ± 20◦, which is a very
restrictive condition for common operation in a mobile robot. Then, a translation and a rotation are proposed, so
the controller assumes that the mobile robot moves at 45◦ while it follows the reference trajectory established by
the trajectory global planner. The used control scheme can be seen in Fig. 9.

Here θm represents the orientation of the mobile-robot model. The desired values used by the controller to
calculate the control signal are,

xdn =
√

(xrefn − xn)2 + (yrefn − yn)2 cos(45◦),

ydn =
√

(xrefn − xn)2 + (yrefn − yn)2 sin(45◦).
(54)
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The mobile robot should have the reference trajectory orientation

arctan
yrefn+1 − yn

xrefn+1 − xn

to reach the desired trajectory. If this orientation is taken as 45◦, the orientation of the mobile robot each sample
time is,

θon = 45 −
(

arctan
yrefn+1 − yn

xrefn+1 − xn
− θn

)
, (55)

where θon represents the initial orientation of the mobile-robot model used at each sample time.

6 Experimental and simulation results

Experiments to test the performance of the proposed controller were carried out using a PIONEER 2DX mobile
robot. Figure 6 shows the Pioneer 2DX and the laboratory facilities where the experiments were carried out. The
PIONEER 2DX mobile robot includes an estimation system based on odometry, which adds accumulative errors to
the system. From this, updating the data through external sensors is necessary. This problem is separated from the
strategy of trajectory tracking and is not considered in this paper [8, 30]. The PIONEER 2DX has a PID velocity
controller, used to maintain the velocities of the mobile robot at the desired values; cf. [17, 20].

To observe the performance of the proposed controller, a trajectory whose orientation changes abruptly was used
(see Figs. 10, 11). It can also be noticed that, when the trajectory direction suddenly changes, the error increases, but
it decreases afterwards, with a maximum error of about 100 mm. Besides, the error is not too large when compared
with the size of the PIONEER 2DX, considering the demanding nature of the desired trajectory. Figure 11 shows
how the mobile robot follows the reference trajectory arriving at the end of the trajectory in a precise way and it
remains in that position without undesirable oscillatory motions. This trajectory type is used to test the performance
of the system, because it is a worst-case situation, where the error is acceptable since it is smaller than half the
distance between the axes of the mobile robot (330 mm.). In other kinds of reference trajectories, in which the
orientation changes smoothly, the controller performance will be better, as depicted in Fig. 12.

Another typical benchmark reference trajectory, e.g. a sinusoid, was used to test controller performance; in this
case Fig. 12 shows the trajectory followed by the PIONEER 2DX mobile robot on the xy-plane, for an initial position
of the mobile robot given by x = 0 m, y = 0 m but the reference trajectory starting from x = 1 m and y = 1 m. It
can be seen from Fig. 12 that the mobile robot tends to the desired trajectory and then follows it in a precise way.
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Fig. 10 Experimental
results: real and reference
trajectories
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Fig. 11 Experimental results: a Time evolution of xref(t) and x(t), b time evolution of yref(t) and y(t)

6.1 Leader–robot following

An example of the application of the proposed methodology is presented, the control objective being to make a robot
follow a leader, keeping a predetermined distance. Moreover, it can evidently be seen in this example that there is
no dependency between the control scheme proposed and the odometry-based internal system. In leader following,
the relative position between both robots is obtained through an external laser sensor. As leader, a PIONNER 2DX
mobile robot was used.

From Fig. 13a the trajectory followed by both the leader robot and the follower in the xy-plane can be seen. Also,
it can be observed that the follower robot quickly approaches the leader, and then follows it; the time evolution of
the distance between both robots can be seen in Fig. 13b. The relative position between both robots was obtained
by means of a laser sensor (see Fig.6).
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7 Conclusions

In this work a robust controller to control a nonlinear multivariable system (mobile robot in this case) has been
proposed. The mobile robot can be described by a family of linear models, so a controller is designed by using
robust control theory so that the mobile robot shows a very good performance around the linearization point. Then,
a rotation and translation are used to extend the obtained results for an established orientation to any possible orien-
tation of the mobile robot. The trajectory to be followed can be defined beforehand by the global planner (Figs. 10,
11, 12) or it can be obtained through the use of an external laser sensor which allows obtaining the relative position
of the object to be followed (Fig. 13). From this it can be observed that the desired trajectory can be obtained in
different ways and several objectives can be achieved. In all cases, the same control algorithm is used, which shows
good performance. This demonstrates the importance of designing a controller that allows the robot to follow a
pre-established trajectory irrespective of how it was generated.
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The above control structures can be designed and implemented without great difficulty. Experimental results of
the developed controllers on a PIONEER 2DX mobile robot have also been discussed. From the analysis of these
experiments, it can be concluded that the trajectory error between the desired and the real trajectory of the mobile
robot is very small. The effectiveness and feasibility are tested in practice through experiments.

As future work, the formulation of algorithms based on this technique will be applied to avoid unexpected obsta-
cles and in multi-robot systems, where the control of a formation of mobile robots (the trajectory for the formation
of the mobile robots as well as the relative position of each is established) will be analyzed. In these systems, various
robots are used to carry out some complex tasks as for example vigilance, rescue, and heavy loads transportation,
to name a few.

Acknowledgements This work was partially funded by the Consejo Nacional de Investigaciones Científicas y Técnicas (CONICET—
National Council for Scientific Research), Argentina.

Appendix. Nomenclature

Symbol Description Unit

R Field of real number
R

n×m Rectangular m × n matrix
x , y Cartesian coordinates of the mobile robot m
θ Orientation of the mobile robot rad
xref, yref Reference Cartesian coordinates of the mobile robot m
θref Reference orientation of the mobile robot rad
xd, yd Desired Cartesian coordinates of the mobile robot m
θd Desired orientation of the mobile robot rad
ẋ, ẏ Time derivatives of the Cartesian coordinates of the mobile robot m/s
θ̇ Time derivative of the orientation of the mobile robot rad/s
θm Orientation of the mobile-robot model rad
θo Initial orientation of the mobile-robot model rad
T0 Sample time s
V Linear or translational velocity of the mobile robot m/s
W Angular or rotational velocity of the mobile robot rad/s
Contr Controllability1 matrix –
Observ Observability2 matrix –
Rank Rank of a matrix –
I Identity matrix
G(s) Transfer function of the system
K (s) Transfer function of the controller
Kr (s) Transfer function of the reduced controller
Krd Discretized transfer function of the reduced controller
{A, B, C, D} Shorthand for state space realization C (s I − A)−1 B + D –

G(s) =
[

A | B
C | D

]
Shorthand for state space realization C (s I − A)−1 B + D

Fl (M,�); M =
[

M11 M12
M21 M22

]
Shorthand for M11 + M12�(I − M22�)−1 M21

Fu(M,�); M =
[

M11 M12
M21 M22

]
Shorthand for M22 + M21�(I − M11�)−1 M12

Aa Additive perturbation
Am Multiplicative perturbation
σ̄ [·] Maximum singular value
La Scalar bound of the additive perturbation
Lm Scalar bound of the multiplicative perturbation
� Hankel singular values
w Angular frequency (w = 2π f ) (rad/s)
S Sensibility
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Symbol Description Unit

T Complementary sensibility
jw Imaginary number
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